THE SIXTH POWER MOMENT OF DIRICHLET L-FUNCTIONS 

J. B. CONREY, H. IWANIEC, AND K. SOUNDARARAJAN 



1. Introduction 



Understanding moments of families of L-functions has long been an important subject with 
many number theoretic applications. Quite often, the application is to bound the error term 
in an asymptotic expression of the average of an arithmetic function. Also, a good bound 
for a moments can be used to obtain a point-wise bound for an individual L-function in the 
family; strong enough bounds of this type, known as subconvexity bounds, can often be used 
to obtain the equidistribution of an arithmetically defined set. Indeed, if one could accurately 
bound all moments one would obtain the Generalized Lindelof Hypothesis (which is known 
to follow from the Generalize Riemann Hypothesis; see the recent work of Soundararajan 
[Soul] for a very precise statement). Precise asymptotic formulas for moments are the tools 
to obtain refined information about L-functions, such as approximations to the Riemann 
Hypothesis (zero density estimates and results about the frequency of zeros on the critical 
line) and detailed information about the value distribution of the L-functions. 

It is only in the last ten years that enough of an understanding of the structure of moments 
has begun to emerge to gain insight into the last of these applications. The new vision began 
with the work of Keating and Snaith, for their recognition that L-values can be modeled 
by characteristic polynomials from classical compact groups, and to Katz and Sarnak for 
their realization that families of L-functions have symmetry types associated with them that 
reveal which of the classical groups to use to model the family. See [KaSa], [KSl], [KS2], 



Prior to these works, Conrey and Ghosh predicted, on number theoretic grounds, that 



The conjecture of Keating and Snaith agrees with this. Numerically, however, this conjecture 
is untestable. For example, 



and [CKRS]. 



(1) 




2350000 



(2) 



|C(l/2 + it)\^ dt = 3317496016044.9 = 3.3 x 10 



,12 
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whereas 

f 1 - iV f 1 + ^ A) X 2350000 x (!2i5!5^ = 4.22 x 10" 

p \ Pj \ P P^J 9! 

is nowhere near the prediction. This situation has been rectified by the conjectures of 
[CFKRS] which assert, for example, that for any e > 0, 



(3) 



|C(l/2 + It) r dt = £ P, (^log ^) dt + 0{T'/'+^ 



where P3 is a polynomial of degree 9 whose exact coefficients are specified as complicated 
infinite products and series over primes, but whose approximate coefficients are 

Pi{x) = 0.000005708 + 0.0004050 + 0.01107 x^ + 0.1484 

+1.0459 + 3.9843 x^ + 8.6073 x^ + 10.2743 x^ + 6.5939 x + 0.9165. 



For this polynomial, we have 



2350000 / ^ 







P:h I log — I dt = 3317437762612.4 

271 



which agrees well with ([2]). 

The proof of formula ([1]) is completely out of reach of today's technology. However, in 
this paper we prove a formula for the analogue of ([3]) but for Dirichlet L-functions suitably 
averaged. Our formula agrees exactly with the conjecture of [CFKRS] and so provides, we 
hope, a new glimpse into the mechanics of moments. 

The first author expresses his thanks to Matthew Young for his useful suggestions. 

2. Statement of results 
Let X mod q be an even, primitive Dirichlet character and let 



n=l 



be its associated L-function. Such an L-function has an Euler product: L(s,x) = Y\p{^ — 
x{p)/p'^)^^ and a functional equation 

A(.,X) := (g/7r)(-i/2)/2r(./2)L(.,x) = 6,A(1 - s,x) 

where is a complex number of absolute value 1. In this paper we prove an asymptotic 
formula, with a power savings, for a suitable average of the sixth power of the absolute value 
of these primitive Dirichlet L-functions near the critical point 1/2. An upper bound for such 
an average follows from the large sieve inequality 

N N 
5<Q X mod 5 n=l n=l 
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where indicates that the sum is restricted to primitive characters. Huxley used this to 
prove that 

J2 E* i^(i/2,x)r«g'iog^g 

q<Q X mod q 

and 

E E* l^i/2,x)r«g'Wg. 

9<Q X mod Q 

In this paper we obtain an asymptotic formula with a power savings for an average similar 
to the left side of the first inequality above. Our formula agrees exactly with conjectures 

made in [CFKRS]. 

Here is a statement of those conjectures and the theorem of this paper. Let A and B be sets 
of complex numbers with equal cardinality l^l = \B\ — K. Suppose that |Kq;|, \^(3\ < 1/4: 
for a e A, f3 e B. These are the "shifts" . Let 

(4) Aa,b(x) := n ^( V2 + a, X) n ^(^2 + x) 

= {-y^'''GA,BC^A,B{x) 



TT 



where 

(5) CaAx) ■■= n ^( V2 + a, X) n ^( V2 + x), 
and 

(7) ^A,B = \{Y.a + Y.l^ 



\aeA peB 



Further, let 

(8) Z{A,B) :=l[c(l + a + P) 



cteA 



and 

(9) A{AB) :=YlB,{A,B)Zp{A,By' 

p 

with 

(10) J]Cp(l + « + /3) 

aeA 

/3es 
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and 



(11) Cp(^) -[^--^ 
also 

(12) Bp{A, B) := C n %e(l/2 + a) J] %-e(l/2 + /9) c?^ 

oGA /3gB 

with Zpfi{x) = 1/(1 — e{9)/p^). The conditions on the real parts of elements of A and B 
ensure that the Euler product for A converges absolutely. Let B,^ = Y\p\q ^p- 

(13) Qa,b{q)-= E Q(SlJ{-T),TU{-Sy,q) 

SCA 
TCB 
\S\ = \T\ 

where S denotes the complement of 5" in A, and by the set —5" we mean {— s : s e 5"} and, 
for any sets X and Y, 

(14) Q{X,Y;q)={^Y^^^Gx,Y^iX,Y). 

For example, if A = {ai, a2, 0:3} and B — {Pi, (^2, Ps}, then 

Qa,b{q) = Q({«i> Q;2, 013}, {Pi, P2, Ps}, q) + Q{{-Pi, oli, as}, {-«!, P2, /^a}, ?) 
H h Q({-/3i, -P2-, -Pz}-, {-«!, -Q;2, -as}, g), 

is a sum of 8 terms; the first summand corresponds to 5* = T = so that X = A and 
Y = B; the second summand corresponds to 5* = {(^1} and T — {Pi}, and so on. In general, 
Qa,b{q) will have (^^) summands. 
Now we state the conjecture. 

Conjecture 1. (CFKRS) Assuming that the "shifts" a e A, p e B satisfy \^a\,\^p\ < 1/4, 
and '^a, '^P -C we conjecture that 

(15) = 2AB(g)(l + 0(g-V2+^)) 

X mod </ X mod 5 

Eb 
denotes a sum over even primitive characters. 

When 1^1 = \B\ — 3 and all of the shifts are 0, the conjecture implies that, as g — > oo 
with q not congruent to 2 modulo 4, we have 

Conjecture 2. (CFKRS) 

1 V-^ ,wl TT log% 
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5 



where (f{q) is the number of even primitive characters modulo q and 

Note that 03 is the constant that appears in the conjecture for the sixth moment of (. The 
'42' here played an important role in the discovery by Keating and Snaith that moments 
of L-f unctions could be modeled by moments of characteristic polynomials, see Beineke and 
Hughes [BeHu] for an account of this story. 

For a set A it is convenient to let At be the set of translates 

(16) At^ {a + t : a e A}. 

Note that (A^Jsz = ^si+s2- 

Theorem 1. Suppose that \A\ = = 3 and that a, /3 <^ l/logQ, for a e A,P e B. 

Suppose that \E' is smooth on [1,2] and $(t) is an entire function oft which decays rapidly 
as \t\ ^ 00 in any fixed horizontal strip. Then 

= (f ) [jm\<i)QA,„B_M dt+o{Q'/'^% 

We could equally well prove a theorem for odd primitive characters. The answer would 
be similar with just the Gamma-factors changed slightly to reflect the difference in the 
functional equation for odd primitive Dirichlet L-functions. When the shifts are all 0, this 
difference disappears, in the leading order main term. 

Corollary 1. We have 



E E / m\Lm+^t,x)fdt 

42«3E^ (1)11 / /K^ '^'^^^^r $WI^((l/2 + ^^)/2)r dt 

42a3(>C)g'i^^"*(x)x dx P $(t)|r((l/2 + iy)/2)r dt 



where 



ttA 5 5 14 15 5 4 4 1 \ 

p ^ p/ V p p'^ p"^ p^ p° p° p' p^ J 

Thus, our theorem asserts that Conjectures 1 and 2 are true (but with a weaker error 
term) on average over q and a mild average over y. 
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3. Approximate functional equation 

We begin with an "approximate" functional equation for Ka,b{x)- Suppose that \A\ 
Then the functional equation implies that 

5 



77 



Aa,b(x) := ( - ) Ga^bCaAx) = A-b,-a(x) 



where 

Consider 
(17) 

where 



6 = 6a,b := (A + i?)/2 = i(5^a + 5^/5). 



2 



Til S 



a + p 



His) = n - 

as A ^ 

/3es 

Expanding the L-functions into their Dirichlet series we see that (fT7|) is 

\ TT / ^Jmn 

^ ' m,n=l * 

where the generalized sum-of-divisors function is 

m=m\...mfi 

and where 

(18) WaAO -=7^ [ Ga^^b^'^ ds. 

We note, in passing, two properties of the sum-of-divisors functions. The first is that 

(TA,(n) = (TAin)n' 

and the second is that 

(19) f;^zi(£!)^ = e,(AB) 

5=0 P 



SO that, if 3?a, > 0, then 



cr-A{n)a_Bin) _ AZ{A,B) 

(n,5)=l 
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Returning to our argument, we now move the line of integration in ( |T71) to the hne Re(s) = 
—1, and use the functional equation. The residue at s = gives H{0)Aa^b{x) while the 
remaining integral is A° ^ Therefore we conclude (assuming q > I) that 

(21) HmAAx) = Alsix) + A%,_^(x). 

This is the "approximate" functional equation. 

Now, with $ a rapidly decaying entire function such as $(t) = e~* , we have 



(22) = V L-""^ ' x{m)x{n)VAArr^^ri-q), 



m,n=l 



where 

/■oo 

(23) VAA^,v;f^) = {z-Y"^' / Hm/vr'WA^uB.Mw''/f^'')dt. 

J — oo 

4. Preliminaries 
Our aim is to evaluate asymptotically 

(24) I = IaA"^, $, Q) := /J(0) E ^(^/^) / 'J^(i)AA.,B_ Jx)^^, 

q X mod g 

where is a fixed smooth function, compactly supported in (1,2). We assume throughout 
that the shifts satisfy 

3?a,3?/3< (logg)-^ 
Using ([22]), (I23D, and ([24]) we have Ia,b = ^a,b + ^-b-a where 

q X mod q 

z — / z — / z — / wmn 

q X mod q m,n=l 

We first perform the sum over x mod q. If (mn, g) = 1 then 

E X("^)x("') = E —^-^—^X{m)x{n) = ^ E M(i>{r)- 

X mod q x mod g g^dr 

Therefore, we obtain that (the sum over r below is with multiplicity), 
(26) Aab = ^ E E 0W/^(^^)^(7t)Ki,bK^;^^O- 



2 -v/mn vQ 

m,n=l * a,'" 

{dr,mn) = l 
r|min 
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There is a diagonal contribution to ( l26l) from the terms m = n, which we call T>a,b- For 
the terms m ^ n, we introduce a parameter D and divide the sum in fl2B]) into two ranges 
depending on whether d > D or d < D. Call the first set of terms Sa,b (for small values of 
r), and the second Qa,b (for greater values of r). Thus, we have 

(27) Aa,b = T^A,B + Sa,b + Qa,b- 



5. Evaluating Va,b 
We recombine dr back into q and use (t)*{q) = '^dr=q f^i^)^i''^) ■ ^^^^ that 

(28) 2P^,^= 5^ ^-^^"^;-^^"V -(g)^(^)v-^,B(n,n;g) + 0(g^+-); 

the error term arises from the contribution of the diagonal terms with the "plus-sign" from 
■m±n. 

Recalling the definition of V from fl251) and using fl2U]) . we see that the sum over n and g 

is 

The integrand has a simple pole in s at s = 0, the apparent poles at s = —{a + /5)/2, « G 
A, j3 E B being canceled by zeros of if, and is regular in the region cr > — 1/2 + e. Thus, 
after moving the path of integration across the pole to 3?s = — 1/2 + e we have 

(30) Va,b = j^jmA..,B.., dt + 0{Q'/'-^^). 

We use the fact that 

1 



^<j>*{q)=<P\q) + 0{l) 



to conclude that 



(31) Va,b = (I) m<l>\q)QiAt,B_u;q) rft + 0(Q3/2+e). 

Thus, 'Da,b leads to the term corresponding to S" = T = in (fT3|) . Similarly, V^b-a leads 
to the term corresponding to S = A, T = B. The other terms in (fT3|) arise from analyzing 
the off-diagonal contributions. 
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6. Evaluating S 
We express the condition r|(m ± ra) in ( |26l) by using characters modr: 

d^D T tp mod r m,n— 1 ^ 

(mn,dr)^l 

(32) 

We write this as Sa,b = M.{Sa,b) +£{Sa,b) where M.{Sa,b) is the main term contribution, 
due to %!) = ipo, and S{Sa,b) is the remainder contribution of all ip ^ ipQ. Thus 

(33) M{Sa,b) = l V ^-^(^KbW ^ ^^ 



where 



M{SA,Bim,n)) := ^ n; g) ^ /i(rf) 



(q,mn)=l <l\q 

d>D 



and 



d^D V i/i mod r m,n— 1 

■(/)( — — 1 (mrijdr) — 1 



We shall now show that S{Sa,b) ^ Q'^^'^/D so that, once D > for some 6* > 0, this 
contribution is negligible. 

First we re-incorporate the terms with m = n, these are 

(m,dr) — 1 

Thus, using (123|) . we have £^^(5) = 

Iv-v- /AT/^^\.b/N P^/N 1 /■ ,dr.Ks+5^ AZ{As,Bs) H{s) , , 



Note that we have used the fact that ^(A^., i?_x) = Z{A, B); also ^ and Bq share the same 
"translation" property. The above is, acceptably, 

(34) « E E « Q'^'D-\ 

q<2Q r\q 

r<q/D 
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Then S{Sa,b)+S^{Sa,b) = 



a'^D V ^ mod r 7n,n=l * 

ip( — l) = l (mn,dr)=l 

which is 



d>D r ^ mod r 

^(-1) = 1 



xGA^+i^B^.uDA^+i.MDB^.i^qi'il^)^— ds dt 
where 

^ a_A(m)^(m) -p-r L(l/2 + a,^) 
^■^^^^ ^ , ^ ^ -^^^ WW) 

(n,5)=l ^ a&A ''^ ' ' 

with Lg(s, ip) = Y[p\qi'^ ~~ x{p) /P^)~^- The important point here is that we can move the path 
of integration to the vertical hne through e without encountering any poles, since ip ^ ipo. If 
K < 4:, then it follows from the large sieve that 

(35) Yl E \Lis,x)\''' ^Q'{^ogQf'\s\^ 

q<Q X mod q 

for > 1/2, thus, by Cauchy's inequality and since G decays exponentially in s and $ 
decays rapidly in we have 

(36) E{Sa,b) « Y.{Qldf{\ogQt' « Q\\ogQt'lD 

d>D 

if < 4. If > 4, then by Soundararajan's theorem [Soul] this bound times (logQ)^ holds 
under the assumption of the Generalized Riemann Hypothesis. 



7. Evaluating Qa,b 
It remains now to consider the contribution of 

(37) e,,, = 1 f ^zii^sM Y. 0(--W<i)*(|)v.,B(m,«;*). 

m,n=l ^ d,r ^ 

(dr,7nn)=l 
d<D 

Here we write |m±n| = rhi with hi ^ 0, and try to eliminate r. Note that since (mn, r) = 1, 
any common factor of m and n must be a divisor of hi. Let us write m = gM and n = gN 
where M and N are coprime. Then we have \M ±N\ — rh, and now M and A?" are coprime 
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to rh. For a given m and n, with g, M and N as above, let us now consider the sums over 
d and r in To this end, consider 

gA,B{m,n) := ^ ^ /i(c?)</)(r)^ j ^^^^(m, n; dr) 

d<D |Af±JV|=rh ^ 

{d,gMN) = l (r,9) = l 

SO that 

(38) yA,B = - >^ ^ gA,B{m,n). 

2 ^ — ^ ^y^mn 

m,n=l * 

We remove the arithmetic term 0(r) by writing 0(r) = ^^^^^ fi{a)i. Thus the above 
becomes 

QA,Birn,n) = ^ ^ /i(a) ^ ^{d)t^ {^^^VA,B{in,n;datj. 

d<D (a n) = l \M±N\=aeh ^ 

{d.gMN)) = l («.9) = 1 

Now we use Mobius inversion to express the condition that (^, (?) = 1- This gives 
GA,Bim,n)= ^ ^ /i(a)^/i(6) ^ iJ,{d)b£'^ (^^^^^^VA,Bi'rn,n; dabi). 

d<D (a,g)=l b\g \M±N\=abih ^ 

At this juncture we have ehminated the variable t. by insisting that M ± = mod ahh 
we may write £ = |M ± N\/{ahh). Thus we arrive at 

Ga,bM = Q 1^ 1^ 1^ 1^ 1^ Qh ) 

d<D {a,g)=l b\g h>0 \ ^ / 

(d,gMN) = l ^ M=±N mod abh 

(39) ^^( '^Q/T'"^ ) ^' ± ^1/^)- 

We now express the condition M = ±N mod abh using characters ip mod abh. We isolate 
the contribution of the principal character here, calling that term A4{QA.B{nT',n)), and we 
call the contribution of the other characters S{QA,B{fn,n)). Note that 

A,(a„K„,).« E E Z E ^^^^(^) 

{d,gMN) = l " (!),A/JV)=1 (h,MN) = l 

(40) X vl> ( '^^J^'^ ) VaM^, n-d\M± N\/h), 
where we sum over both choices for ±. 



and 
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8. The weight function and its Mellin transform 
To simplify our calculations let us define, for non-negative real numbers u, x and y, 

(41) W^ j^{u,x,y) = u\x ± yl"^ {u\x ± y\)VA,B{x, y; u\x ± y\) . 
Recall that 

/oo 
■oo 

so that 

(42) c-^'/''VA,B{cx,cy;uc'^'') = VaAx^V^^)- 
Thus, 

\M ±N\d\ /\M ±N\d\^^ , , ,,,,,, (Q^-^d m n\ 

d<D (a,g)=l b\g h>o i/ 2 2 

(d,gMN) = l M = ±N mod abh 

Now Wi Q{u,x,y) is smooth in u, x and y, the \x ± y\ doesn't cause trouble because 
smoothly vanishes at 0. Moreover W± and its derivatives are small unless x and y are small 
with x/y X 1. In particular, for any Ci, C2, C3 > 0, we have 

(43) VVts^"' ^' ^) ^ M^'a;-^^?/-'^^ 
This estimate easily follows from the representation 

wi^ = u\x±yMu\x±y\){-Y H mi-V'T^ /c^.+.A^^rr^nw)"'^ 

by considering a variety of cases. Especially useful is the fact that ^{u, x,y) = unless 
1 < u\x ±y\ < 2. A less obvious case is when x is very small, y is large, and m ~ 1/y. One 
moves the path of integration in s far to the right, and then the path of integration of t so 
that it is the vertical line just slightly to the left of the s-line. Then the power on x in the 
new integral is small, the power on y is large and negative, and since u is about 1/y, the 
estimate (H3!) follows. 
We write 

(44) w^^^^u,x,y) = —^ I I I WXs{z,si,S2)u-'x-''y-'^ ds^dsidz 

where all of the paths are taken to be the vertical lines with increasing imaginary parts which 
pass through the point 1/2 + e, for a small e > 0, and where 

(45) WX^{z,s,,s,) = r r rwX^{u,x,yXx^^y^^--^. 

Jo Jo Jo u X y 
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With some changes of variables we can write our transformed weight function as 

Jo Jo Jo y >^ u 

By ([H]) and ([23]) we have 

so that, by MeUin inversion, 

Jo y b J 

Next, we observe that 

H'{w,z): = 1^ A-|l-A|-^^ 



and 



r(w)r(i -^) r{z-w)r{i- z) 

T{l + w-z) ^ r(i - w) 

A-|i + A|-^y = y (A - 1)'"-^-^ dA 



1 

X'-'"-\l - x^-^dx 
T{z — w)T{w) 

and, for future reference, 

n{w,z): = n'{w,z) + n'^{w,z) 



T{w)T{l-z) T{z -w)T{l- z) T{z-w)T{w) 
T{l + w-z) ^ T{l-w) ^ T(V) 

2^sin— r(l-z) V 2 ; . 



2 ' ^r(ifi^)r(i^ftH)' 

all of these provided that < < < 1. The last equality is an identity of Matt Youn^ 
[You]. We apply this formula with s = (si + S2 — 2;)/2 and w = (si — S2 + ^)/2. Thus, 

(46) =: W\A^,sM- 
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Summarizing, we have 

Lemma 1. Let W* be given by ( [7^ . Suppose that < ?R.w < < 2 and 5Rs > —1/2 + e. 
Then, }V*{z,s,w) is analytic apart from simple poles at s = and at z = 1. Moreover, for 



(47) W± 



(27ri) 




W\B{z,s,w){xy) ""{x/y) ""{uy) ds dw dz 



where the integrals are over vertical paths satisfying < <^z < 1 and > 0, and the 
integral over w is to be taken symmetrically, i.e. as lim^r^oo iic-^i^j^ • Also W* satisfies 



W*{z,s,w) < {{l + \z\){l + \s\))-^{l + \w\) 



Finally, if x ^1, we have 



(48) 
where 



(Hiic + iv, z)x-''' + niic- iv, z)x''') dv <^ {I + \z\)T'^'-'^ /\ \ogx\). 



Hi{z,w) 



r(f)r(^) 
r (i-H) r (i-ftH) 



Proof. The contents of this lemma are clear, except for the last assertion which we now 
prove. It suffices to show that 



(49) 



(7^l(c + iv, z)x-™ + 7^l(c - iv, z)x''') dv<^{l + \z\)T'^'-^/\ \ogx\). 



We use Stirling's formula 

T{u + iv) = |t;r-i/V'^l"l/2(l + 0(l/|i;|) 
as If I oo. Then the left-hand side of fH9l) is 



sin(f logx)f^'~^(l + 0{l/v)) dv 



T 



The result follows upon integrating by parts. 



□ 



9. Estimating S{Ga,b) 
We write (00]) as M{gA,B{m,n)) = 



/P-nx ni+'5 M«)M%(f^-,.;± m n 

l^Uj ^ 1^ 1^ 1^ 1^ ad^iabh) ^'^^^^'^'^ 

'i<D (a,gMN)=l b\9 h>o -ry ) i/ V 

(d,gMN) = l ^ ' (b,A/JV) = l (h,AfJV) = l 
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Now the contribution of the remainder terms £^(^a,b(^5 ^)) is 



15 



(51) j2 ^ E '-^ E E ^ 

d<D (a,gMN)=l b\g h>0 I 

(d,gMN) = l " (b,MN) = l (h,MN)^l 



t/" mod abh 



Now consider the sum over M and N 



(52) S[gA,B)-= > 7== ^(^A.sKn)). 

(A1",]V) = 1 



We write £{Qa,b) = £i{Ga,b) + ^^2(^a,b)) where in £i{Qa,b) the sum over /i is restricted 
hy h < Hi with ITi = Q^/^^^+'D. By we have that the contribution of S2{Qa,b) is 
neghgible. 

Now Si{Qa,b) is 



adSiahh) ^ ^ a\/MN 

d<D h<Hi,b\g ' V mod abh g,Mj^N y \ 1V± 1 y 

{d,gMN) = l (bh.MN)^l i'^^Q {M,JV) = 1 
(a,sA/JV)=l 




We spht this into £i{Qa,b) = £1{.Ga,b) +£i{Qa,b) where £1{Qa,b) is the part with \'^w\ < T 
and £1{Qa,b) is the part with \'^w\ > T. 

First we estimate £'}. For the terms with nm > Q^^^'^'^'^ we move the path of integration 
in s sufficiently far to the right to see that these terms are neghgible. For the terms with 
mn < Q^^^'^'^^ we choose T = where A is sufficiently large to compensate for the 
potentially large 1/| log(m/n)| <^ Q^^^^^^ term that arises in (H9l) . In this way, we see that 
Sf is negligible. 
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To treat Si we first reintroduce the diagonal terms with an acceptable error term. Then 
we note that 

V- a-AigM)a^B{9N)i;{MmN) 

M.N,g 
{A/,JV) = 1 
{MN,abdh) = l 
{g,ad) = l 



^ {M,d)=l 

fi{e)Ed,g{si,ilj)Ed,g{s2,ij) 



(e,ahd) = l y {M,d) = l {N,d) = l 

(g,ad) = l 



{e,ahd) — l 
(3,arf)^l 

where Ed^g{s,ilj) is a Dirichlet series with small coefficients and C is as defined in ([5]), and 
provided that the real parts of the variables are sufficiently near 0. 

We move the path of integration of s to 3fJs = e. The contributions from the short 
horizontal segments are negligible because T is so large. We use the large sieve inequality 

'•2T 



Q<q<2Q X mod q 



valid for K < 4 and cr > 1/2 — C/ {log QT) where C > is any fixed number, to estimate 
the integral on the new path. We have, by Lemma [H Holder's inequality, and (153|) . that 

(54) SisiG) « Q^'^'^'D 

for K <A. 

In conclusion, we have 

s{gA,B) « g^'/'+^/^. 

Upon comparison with (!36|) we see that in the case K = 3 that D = Q^^'^ is the optimal 
choice and leads to an overall error term 

(55) ^(5A,B)+^(6^A,B)«g'/'+^ 

when K = 3. 

10. Main Terms 

In this section we combine the terms A4{SA,B{™,n)) and Ai^QA^Bifnyn)). Recall that 
A^(5^,_B(m,n)) = fi{d)^(^^VA,B{m,n;dr). 



r,d 
d>D 
{dr,7nn) = l 
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We can rewrite this (see ( l33l) ) as 

M{SA,B{m,n)) = ~ fi{d)'^(^^VA,B{'^^^'^(^r)- 



d<D 
(cZr,mn) = l 

Now using 



^ 1 = x0(m, 1) + 0{x^l'^m') 



(r,m) — 1 



the above becomes 

(56) A<(5Aij(m,n)) 



-Q<P{mn,l) y2 ^ [ '^{u)VA,B{m,n-uQ) du + 0{Q^/\mny). 

w^n Jo 



d<D 
(d,mn) — 1 



Now we turn to Ai{QA,B{'m',n)). We use fl50l) and a Melhn inversion formula. Define 

(57) Wj^(z;a;,y)= H W%j,{u,x,y)u^ — . 

Jo 

For each fixed x and y this is an entire function of z. We have 

,58) A.,e..K-,.))^Q-" E E E E ^^^^llf^ 

d<o (a,gMAr)=l Ms ''>o ^\ ; 

(d,aMN) = l " (b,MJV)=l (h,M]V) = l 



X 

where e > is small. Note that the sum over h is absolutely convergent when = — e. 
We sum the series over h using the following lemma. 

Lemma 2. If [a^m] = 1, then 

^ = ^C(3)C(^+ l)/C(.)0(m,.)i?.(a)/?.(m) =: 



where 



and 
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Thus, with s = 1 — z, the sum over h in ( l58l) is EMN,abC^{)- — z)/(j){ab). We insert this 
into fl55]) and have 

(59) E E E 

<^<o (a,gA/Ar)=l bis ^ 

(d,9M]V) = l " {6,MJV) = 1 

xC(2 - (^z; ^^EmnA^ - - z){Q-^-'dg-Y' dz 

We move the path of integration in the 2- integral above to the vertical line through 1/2 + e 
and in doing so cross the pole at 2; = 0. The residue is 



7^(^A,BKr^))=C(2)g^+'-■- E E E 



addiab) 

d<-D {a,gMN)=l b\a ^\ J 

{d,gMN) = l " (b,MN) = l 

, ^ m n 



X>V^,b(^0; gx72' QKj2 j E M N ,abK,{l) . 

Now (see [CIS]) 

(60) C(2)^(l) E E ^^^^^^^^^l^f^ 

(a,MNg)=l b\g / 
{b,MN) = l 

SO that 

7^(^A,B(m,r^)) = gl+^-^-WtB(o;^,^)0(mn,l) ^^^^ 



(ti,gAfJV) = l 



Further, we have 

fOO J„, /"OO 



VV^B(0;a;,?/) = / >V^5(m,x,?/) — =/ u\x ±y\'^{u\x ± y\)VA,Bix,y,u\x ± y\) — 
Jo ' Jo 



^(^i)VA,i?(a;, y,u) du. 

Using and comparing this expression with (1561) . we find that 

7^(^?A,B(m, n)) + MiSAA^^ ^)) = ^(g^/^^mn)^). 
In summary, we have 

(61) MigAAm,n)) + MiSAAm,n)) = Q^^^^-^ E E E 

{d,gMN) = l " (b.MN) = l 

^ ^ Wab g^) ^M^,a6C/C(l - ^)C(2 - z)iQ'^-'dg-')-' dz 

+0fg=^/2+e^. ^-l/2-e 
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11. Summing over m and n 



We now sum ( 1611) over m and n using (1331) and ( l38l) and taking into account (1361) and (144] 
By using a Mellin inversion formula we have 



(62) Ga^b + Sa^b = [ [ WiB{^,SuS2)Q' 

{2m)^ Ja+A Ja+e) Ja+e) 



'(i+e) J(i+e) 

x(/C(l - 2;)C(2 - z)Ta,b,d{si, S2, 2;) dsi rfs2 dz 

where 

a_AiMg)a_BiNg)fx{a)fi{b)fi{d)EMN,ab{^ - z) 



J^a,bMsi^S2,z) = J2 J2 Yl 



a d<D (a,£,A/JV)=l ^ f V y 

(A/,JV) = 1 {d,gMN) = l b\g 

(6,A/JV) = 1 

We now account for the relevant poles of the integrand. As mentioned in Lemma ?? the 
poles of yVA,B are at z = si + S2 and z = 1. Also, C(2 — z) has a pole at z = 1, so that there 
is a double pole at 2; = 1. Finally, the poles of J-'a,b,d may be ascertained by considering the 
approximation 

^ a^AiMg)a^BiNg)<PiMN,l-z) 

M,N,g=l ^ 

n^|A C(l + a + /5 + + S2 - riaeA C(l/2 + a + Si) fl^^B C(l/2 + ^ + s^) 
~ n.eA C(l/2 + « + Si + 1 - ;.) Y[^^^ C(l/2 + /3 + S2 + 1 - 2;) • 

Let a' & A and /5' G -B. The potential pole when z = Si + S2 + a' + [3' is canceled by a zero 
of H{s/2) exactly at this point, and so does not appear. Similarly, when si = 1/2 — a' and 
S2 = 1/2 — /?' the triple pole at z = 1 is canceled by the triple zero of H{s/2). 

Thus, the relevant poles are at Si = 1/2 — a', S2 = 1/2 — /?', and z = S1 + S2, where a' G A, 
(3'eB. ^ 

We let yVA,B = yVXs + ^ab and calculate 



(64) Res g^(^i+^^-^)/2+.+i+5^,By^^^^^^^ _ _ ^)^(2 - z) 

2 = Sl+S2 

Let 

A* = {A- {a'}) U {-/?'} B* = {B~ {/?'}) U {-a'}. 



=2=1/2-/3' 



By the functional equation for 
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SO that, with w = si/2 — S2/2 + z/2 — it we have 



n{w,z)C{l - z)GA,t,B. 
Note also that 



=2 = 1/2-/3' 



5a,b - a' - P' = 5a*,b*- 

Thus, (EID is 

/oo 
-00 

xC(l -a' - /?')C(1 + «' + /?')^(«' + 

We can complete the sum in d with an acceptable error term; we do this before computing 
the residue of JF. We write J-'a,b{,si, S2, z) for lim^^oo ^_a,_b,d(si, S2,z). 



a^A{Mg)a_B{Ng)f{M,N,g; 1 - z) 

]\/n/2+si ]\rl/2+S2 q1+si+S2-z 

(M,]V) = 1 



(66) J^a,b{si, S2, 2:) = 
where 

(67) fiM,N,g;z) = }^ .^^./.W2-. 



((i,C/MAf) = l (a,9M]V) = l ^ 
i>l9 
(b,M]V) = l 

(d,gMN) = l (a,gMN) = l ' 
b\a 

{i),MJV) = l 

Now we describe the contributions of the residue when si = 1/2 — a', S2 = 1/2 — /5' and 
z = Si + S2. Using fl63l) as a guide, we compute 



n C(l + « - a') n ''SB C(l + /9 - P') 
(68) Res , J-a,b(si, S2, s, + S2) = Z{A, B) ^ n '^'Vn ^ ^ 

=1=; 1 LeA C(1 + a + /5') 1 W C(1 + /9 + «') 

32 = 1/2-/3 

Y ILga Cp(l + a - a ) ll/3gB Cp(l + P-P') 

where 

V M R ' /^'^ ^-A(p^^+^)a-i.(p^+^)/(p^^P^,P^; «^ + 

M,N,g^O " 
min{M,Ar}=0 
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A brief calculation yields that the left-hand side of (168|) multiplied by the terms on the second 
line of (1^ is 

(1 - l/p)^(l H - ) 

(70) = Z{A*, B*) n Z,{A\ BT' — ^^^^^^^S,(A B, a', (3'). 

We claim, and will prove in the next section, the fundamental identity 

(71) Sp(A, B, a', P') 

i — — i Z? — oT 



^^^Bp.{A*,B*)p^i 



where Bp is defined in f lT2|) . Assuming this identity for the moment, it follows from iQ, ([65 
m]), and dH]) that 



X, 



(72) Res WaA^^ s,, S2)Q^(^^+^^-^)/'+^+^+'-*'X/C(1 - z)C(2 - z)J^aAsi, S2, z) 

3X=l/2-a' 

/OO 
mGAi^Bu, dt 
'OO 

On the other hand, the term in 0131] which corresponds to S* = {«'}, T = {j3'} is 

The sum over g has a pole at s = 2 + 5a*, b*; if we move the path of the integral to the left 
to 3fJs = 3/2, we obtain that 

27r«y(3) ^^q'Bq{A*,B*) 

so that (!72|) and (173|) differ by ^ Q^^^^". Thus, we have shown that the residue in (1721) is, 
up to an acceptable error term, equal to the term in (fT3!) with S = {a'}, B = {/?'}. 
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Now that we have finished our calculation of the residues, we return to ( l62i) and proceed 
to move the paths of integration. First, we move the S2 integral to the vertical line through 
e. In doing so, we cross the poles at S2 = 1/2 — /5' for P' G B; note that we do not cross 
the poles aX S2 = z — Si since 3^(2; — Si) = 0. The power of Q in the new triple integral 
has size Q3/4+A'/4+3e -yyj^iQ}^ ig acceptable; we can estimate this integral trivially and so are 
left to consider the double integral over si and z with the residual terms from S2 now in the 
integrand. 

Now we move the path of integration in si to the vertical line through 2e. We obtain 
residual terms from Si = 1/2 — a' with a' E A but do not cross the poles at Si = 2; — S2 
(where S2 = 1/2 — P') because \(3'\ < e. Also, the power of Q in the new double integral is 
of size Q^"^^^"*"^*^ which is acceptable. Finally, we are left to consider a single integral over z 
but with the residual terms in the integrand of si and S2 near to 1/2. We move the 2;-integral 
to the vertical line path through 2 — e. In doing so we cross (potential) poles at z = 1 and at 
z = Si + S2] the integral on the new path has a power of Q which is bounded by Q^"^/^"*"*^, 
which is acceptable. 

It can be shown that the residue from the double pole at z = 1 is 0. 

Summarizing, we have 



X ' * .qi — 1 — i-v' 



2 ^ si = l/2- 
a'eA s2=l/2-/3' 
/3'SS ^=^+"2 



xC/C(l - z)C(2 - z)Ta,b{si. S2, z) + 0{Q"^+^) 



'GA 



We use ( 1721) and sum over all the choices of a' G A, G -B; we also include the diagonal 
terms fl3Tl) and have 



T^A,B + Sa,B + Ga,B + T^-B-A + S-B-A + G-B- 



A 



in the case K = 3. 
We conclude that 



I = i/(0)X^vI;(^|^|%(t)^^A^^^,,_J;^)rft 

= H{0)J2^(^^^ I^J{t)<l>\q)QA..,B.Mdt + 0{Q'/'^^) 

uniformly for values of the parameters C(j,(3j <^ (logQ)"^- We can divide both sides of this 
formula by H{0). After doing so, the left hand side is analytic in the parameters aj,(3j in 
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neighborhoods of the origin. Moreover, the main-term on the right-hand side is also analytic 
for the parameters in neighborhoods of the origin. (A proof of this fact follows from the 
integral expression of the main-term as in Lemma 2.5.1 of [CFKRS].) Consequently, after 
division by H{0) the error term remains analytic in these parameters in neighborhoods of 
the origin. Thus, by the maximum principle, the error-term is not affected by this division. 

This concludes the proof of Theorem 1, apart from verifying the identity (!7T!) . The Corol- 
lary, follows as in [CFKRS]. 

12. Arithmetic sums 

In this section we prove flTTl) . It is convenient to regard it as an identity involving rational 
functions of X = 1/p with parameters, aj = p~°'^ , bk = p~^'^. We proceed to establish a 
general identity in this connection. We note first off that the left hand side of (I7T1) is 

(1 - l/pfR-\l-p-'+'^'^f'')-%{A,B,a',P') 

and that, by §^ and §7i), (letting Sp stand for Sp(A, 5, a', /?') and B for Bp{A,B)), 



{p - 1) p-i'^'-l3' p(j) _ 1) p(j) - l)p2-a'-/3' 

where R = Ra'+p'ip) = (l + p-^^'-f^' / (p - = a' + = 1 -p-"'-'^', 

oo 

B = Bp{A,B) = Y,^^A{p'y-B{p')p~'; 

9=0 

oo 



g,m=0 



and 



Thus, 



i3" = B;iA,B) = J2 (y-A{p')(y-B{p'^'')p~'-y^" . 

g,n=0 



(l-l/p)2(l + — 1 ) 

^,iA,B,a',P') 



1 - 



pl-a'-H' 



(1 - l/j9)(l + S") + (-1 + (2 - l/p)p-"'-^')i3 



pj (1 - l/pi-"'-/3') 

1 2 1 



p p^ ' p'^ 



Moreover, we have 



BM',B-) (l - 1) . BM',B')[l - 1/p) + i - ^ + i 
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After some simplification in the above two equations, we find that ( TTTl) is equivalent to 

(74) Bp{A*,B*) 

_ (1 - l/p)il~p-"'-^')iB^iA,B)+B;iA,B)) + (-1 + (2 - l/p)p-'-f^')B,iA, L 



(1 _ l/pl-a'-/3') 

We now prove a generalized version of fl7^ . Suppose that we have sequences {cn} and 
{dn} which have generating functions 

oo J 

C(X) = ^c„X" = n(l-7,X)-^ 

n=0 j=l 



K 



and 

oo 

D{X) = J2 dnX^ = 11(1 - 6kX)-\ 

n=0 k=l 

and the "convolution" 

oo 
9=0 



Now suppose we replace 71 by I/61 and 61 by I/71. In other words, suppose that 



n=0 

and 

00 
9=0 

Then we can express E{X) in a simple way in terms of E{X), Ec{X), and Ed{X) where 

00 

E,{X) := J2 Cg+mdgX'^+'^/jT 

g,m=0 



and 



E,{X) := J2 Cgdg+nX'^^ySl 

g,n=0 



Specifically, 
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;i - X)(l - 7i5i)(^c + E,) + (-1 + (2 - X)7i5i)^ 



Proof. We have 



E{X) = j C{VXe{e))D{VXe{~9)) d9 

Jo (1 - VXe(e)/*i)(l - VXe(-e)/7i) 

1 

(1 - yX(7ie(^) + 5ie(-e)) + ^,5,X) 



oo 

X 



Now 



E ''''' c{Vxe{e))D{Vxe{~e)) de. 



-r/2 



e{re)C{^e{d))D{^e{-e)) dd = ^c„rf„+,X"- 

ra=0 

Therefore, the above is 

k/=0 ^ n=0 

oo oo \ 

n=0 n=0 ^ 

Consider the terms with k = i + g with > 0. We have, for example. 

Similar such computations with i — k = g > lead to Ec and the diagonal terms lead to E; 
in this way we establish (!75|) . □ 

This concludes the proof of (!7i|) . 

13. Conclusion 

It seems that it may be possible to treat the eighth moment of Dirichlet L-functions, 
corresponding to the second of Huxley's formulae from the introduction. In a future paper 
we may return to the question of deriving the corresponding asymptotic formula for the 
eighth moment. However, it is clear from this paper that we cannot obtain the full eighth 
moment conjecture with a power savings from the techniques presented here. In particular. 
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there will arise new main terms, in such a calculation, from terms that have been relegated 
to error terms here. 
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